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ABSTRACT 
A numerical method to predict the aerodynamic forces aciiri- Q on a 
thin airfoil operating in an unsteady potential flow is developed. A 
distribution of discrete point vortices placed on an arbitrary camber 
line represents the airfoil. 
wake generation is obtained starting with the system at rest. 
wake assumption is used where the wake yortices lie in tht. direction of 
the chord line and move with the free stream velocity. 
the numerical solution are shown to agree wit5 results using the 
classic theories of Theodorsen for the oscillating airfoil and of 
Wagner for the impulsively started airfoil. 
The time dependent solution including 
A rigid 
The results of 
Using the numerical method, a parametric stuay is conducted to 
determine the time history of the loads an an airfoil produced by a 
vortex passing in proximity to the airfoil. 
compared to an experimental investigation of the rotor blade-vortex 
interaction problem, but agreement was not obtained. 
trends of the experimental parameters are confirmed by the theory, 
but the magnitudes of the fluctuating blade loads are overestimated. 
Satisfactory agreement is obtained, however, by correcting the two- 
dimensional results for finite aspect ratio effects using the Prandtl 
tip loss factor. 
Results of the study are 
The general 
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NOMENCLATURE 
a 
b 
C 
cQ 
c&S 
m 
h 
C 
h '  
k 
L 
m 
n 
Posii:ion of ax is  of ro t a t ioa ,  defined i n  Figure 1. 
A i r f c i l  semichord length. 
Ai r fo i l  chord length. 
Theodorsen function, F(k) + i G(k). 
Section l i f t  coeff ic ient ,  X/(1/2 p V 
Maximum difference i n  CQ i n  a vortex sweep. 
Section steady state l i f t  coef f ic ien t .  
Section moment coef f ic ien t .  
2 
c). 
Listaxice of vortex above or  below a i r f o i l .  
':oordinate D f  blade motion i n  v e r t i c a l  direct ion.  
Summation indices .  
Reduced frequency, w b/V. 
Section l i f t .  
Number of time increments. 
Number of vort ices  on a i r f o i l .  
V 
S Distance t raveled i n  semichords. 
t , A t  
AT 
V 
r V 
X 
v 
X 
V 
Greek -
a 
a 
V 
6 
Time and time increment. 
Time in te rva l  between pos i t ive  and negative peak 
C values i n  vortex in te rac t ion .  1 
Free stream veloci ty .  
Resultant ve loc i ty  due t o  vortex and free s t r a m .  
Horizontal component of V r 
Horizontal distance of vortex f r o m  a i r f o i l  leading edge. 
Angle of a t tack of a i r f o i l .  
Vortex induced angle of a t tack .  
Phase angle f o r  steady s ta te  approximation t o  
o s c i l l a t i n g  a i r f o i l .  
Intersect ion angle of blade and vortex. 
Distributed bound vortex strengt;: per  un i t  length. 
Circulation at  time m. 
Strength of passing vortex. 
Frequency of o s c i l l a t i o n  
v i  
5 
P Fluid density. 
9 
Control point location on airfoil. 
Phase an&- e for unsteady solution to oscillating airfoil. 
4(s) Wagner function. 
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I I INTRODUCTION 
*..? in te rac t ion  of an aerodynamic surface with a vortex i s  of 
current i n t e r e s t  f o r  two reasons. 
c r a f t  i n t o  the wake of a hes ~ ir one c m  be hazardous. Uncontrollable 
ro l l i ng  moments can be experienced when f ly ing  p a r a l l e l  t o  a t r a i l i n g  
*.I +-ex and severe turbulence is  experienced when f ly ing  through t h e  
' J ' t . a  perpendicular t o  the axis. 
m i s e  and blade s t r e s s e s  produced dcring he l icopter  operations. A 
!ielicopter blade can in t e r sec t  t h e  t r a i l i n g  vortex shed by another 
blade pxusing a rapid f luc tua t ion  i n  the  blade loads. This inter-  
section 's known t o  be t h e  source of the familiar blade s l ap  noise,  
First, t h e  f l i g h t  of a l i g h t  a i r -  
The second reason concerns t h e  
The present study i s  concerned with the a i r fo i l -vor tex  i n t e r -  
act ion problem. 
developed t o  predict  the forces  act ing on a two-dimensional t h in  
rcirfoil i n  t h e  unsteady flow produced by a vortex passing close t o  
the a i r foi l .  The usual r e s t r i c t i o n s  of po ten t ia l  flow are imposed 
on the problem. 
A numerical technique using d i sc re t e  ba t ices  is  
The computational model consis ts  of a number of bound vor t ices  
placed on the mean c,nber l i n e  of the a i r f o i l  sect ion and shed 
vort ices  s t a r t i n g  from t h e  t r a i l i n g  edge a d  lyi4.g i n  the wake i n  
2 
t h e  d i rec t ion  of the chozd l i ne .  
rest. A t  each time increment t h e  a i r f o i l  sheds a vortex at t h e  
t r a i l i n g  edge which moves downstream with the veloci ty  of t h e  free 
stream. 
a potent ia l  vortex i n  the  flow upstream of t he  a i r f o i l .  
then moves downstream pas t  the a i r foi l  as time progresses. 
nioves wi th  the  free stream veloci ty  and the  induced ve loc i t i e s  of t h e  
bound and shed vortices.  
the coordinates. 
The unsteady problem starts from 
The a i r fo i l -vor tex  in te rac t ion  problem is modeled by placing 
This vortex 
Tfie vortex 
Figure 1 illustrates t h e  problelt and defines 
The d i g i t a l  c o q u t e r  program used i n  the  study is wr i t ten  i n  
Fortran IV language and appears i n  the  appendix. 
computer was used for the  calculations.  
An IBM 360/67 
3 
Figure 1 Definition of Coordinates 
4 
11, PREVIOUS INVESTIGATION 
The object ive of t he  present study was t o  develop a method using 
two-dimensional t h in  a i r f o i l  theory t o  predict  the time h is tory  of  
the  forces on a r i g i d  hel icopter  blade operating i n  the influence of 
a vortex. The first s t e p  w a s  t o  develop a numerical procedure t o  
dccurately describe the  unsteady aerodynamics of the  blade i tself  
operating i n  some time-ciepend-t flow f i e l d .  A model capable of 
producing a de ta i led  chordiwise pressure d i s t r ibu t ion  and capable of 
generating its own wake from the start of the  problem w a s  formulated. 
To select such a model the work of others  i n  numerical unsteady aero- 
dynamics was reviewed. 
Wo-dimensional, unsteady aerodynamics u i t h  l inear ized  equations 
, 
18 
has been considered i n  d e t a i l  by the  classic methods of Theodorsen 
von Karman and Sears e The nonlinear effects of thickness and wake 
d i s to r t ion  have been accounted for by Giesing using a d i s t r ibu t ion  of 
10 14 
5 
doublets on an a i r f o i l ,  Giesing has solved the  problem numerically 
and has found the  nonl inear i t ies  t o  act i n  general t o  r e t a rd  any 
change i n  the  l i f t ,  
16 
The experimental r e s u l t s  of Spurck for a i r f o i l  
o sc i l l a t ions  i n  a wind tunnel confirm Giesings' r e s u l t s  and show t h a t  
t h e  real f l u i d  effects a l so  r e t a rd  the  l i f t  build-up. A deta i led  
5 
discussion of the  deforming wake as it appl ies  t o  t h e  present study i s  
discussed i n  Section 111. The three-dimensional problem of a wing 
moving unsteadily i n  a po ten t i a l  flow has been solved by Djojodihardjo 
and Widnall . 3 A numerical solLtjon to an in t eg ra l  equation representa- 
t i on  of the wing and wake is giver including thickness and wake r o l l -  
up effects. 
The proper numerical g e n e r a i o n  of t h e  shed vortex wake has been 
1 3  
investigated by P i z i a l i  . Nomally, a wake i s  generated by sherling 
a vortex in to  the  wake at  each time increment where t h e  first and each 
new vortex is formed s l i g h t l y  dwnstream of the t r a i l i n g  erlge. If t h e  
dis tance from the  t r a i l i p g  edge of the  shed vortex i s  equal t o  the  
wake element spacing, V A t ,  i n  the  l i m i t  cf in f in i tes imal  time incre- 
ments, t he  wake is continuous and emerges from the  t r a i l i n g  edge as 
a sheet.  P iz ia l i ,  however, has found a model which advances the  wake 
toward t h e  t r a i l i n g  edge by an amount equal t o  7/10 of the  wake 
element spacing t o  give the  bes t  r e s u l t s  when compared t o  the  
Theodorsen function for an o s c i l l a t i n g  a i r foi l .  For t he  advanced 
wake, the f irst  and each newly shed vortex appears 3/10 of t he  
spacing downstream. This somewhat art if icial  representation of the 
wake has not been used i n  the  present study. 
The e f fec ts  of wing (or he l icopter  blade) and vortex in te rac t ion  
6 
' 8  6 D  ' 8  
has Seen the subject of a considerable amount of recer,: research 
11, i 5 , 1 7 , 1 9  . Theoretical s tudies  have been made wi th  varying degrees 
of s implif icat ion and experimental invest igat ions have been carr ied 
out using both model and f u l l  scale t e s t ing .  
The steady state case, where t h e  wing and i n f i n i t e  vortex a re  a: 
zero r e l a t i v e  veloci ty ,  has been solved for three-dimensional wings, 
A l i f t i n g  l i n e  theory i s  used by Jones and Rao 
9 
and only s l i g h t  i m  
improvements have been made using a l i f t i n g  surface theory shown by 
Kfoury . ' 1  
The unsteady case, where the  wing passes through a near t h e  
vortex has not  ye t  been completely solved f o r  t h e  three-dimensions1 
case. Johnson uses a l i f t i n g  surface theory on an i n f i n i t e  7 , 8  
aspect r a t i o  wing and has found the  s implif ied l i f t i n g  l i n e  approach 
iqadequate. H i s  paper ca lcu la tes  the  peak t o  peak sect ion l i f t  
coef f ic ien ts  obtained as a blade cu ts  through a vortex and compares 
them t o  t h e  e,xperimental study of Surendraiah 
17 . Although t h e  l i f t i n g  
surface theory does not always agree with the experiment, it is  con- 
s i s t e n t l y  much b e t t e r  than a l i f t i n g  l i n e  approximation. 
Surendraiah's experimental moJe1 cons is t s  of a s ingle  bladed 
ro tor ,  2 inches i n  chord and 12 inches i n  span, f i t t e d  with four 
chordwise pressure sensors located a t  a spanwise $+,ation of  95 per  cent 
7 
of t h e  ro to r ' s  radius.  
i n  the  proximity of a t i p  vortex generated by a fixed wing upstream. 
The ro to r  was r ig id ly  mounted e t  a zero co l lec t ive  p i tch  without 
f13pping o r  lagging. 
and below the vortex ax i s  and for d i f f e ren t  in te rsec t ion  angles. 
values of ro to r  RPM and vortex s t rengths  were used. 
The ro tor  was operated a t  a high advance r a t i o  
Data was taken fo r  r-otor p i m e  posi t ions above 
Two 
8 
111. DEVELOPMENT OF THE UNSTEADY COMPUTATIONAL MODEL 
Considerations f r o m  Thin Ai r fo i l  Theorv 
The poten t ia l  flow about an airfoi l  can be calculated using two- 
dimensional t h i n  a i r f o i l  theory t o  determine the  pressure d i s t r ibu t ion  
and forces act ing on the  a i r f o i l .  The flow must s a t i s f y  the  condition 
t h a t  the  veloci ty  normal t o  the  a i r f o i l  surface be zero. 
classical solut ion a continuous d i s t r ibu t ion  of vor t ices  is placed on 
the  camber l i ne .  Their s t rengths  are then adjusted t o  induce veloci-  
ties which, when added t o  the  free stream veloci ty ,  give r e su l t an t  
ve loc i t i e s  tangent t o  the  camber l i ne .  
sheet i s  y per  unit ?zngth, an element of s t rength ydx placed at  x 
w i l l  induce a veloci ty  perpendicular t o  the  a i r f o i l  at  point  E, ( for  
small camber as: 
In the  
If the  s t rength of the  vortex 
The total  ve loc i ty  induced a t  # by the d i s t r ibu t ion  of v o r t i c i t y  is 
given by the  in t eg ra l :  
9 
The induced veloci ty  a t  5 must equal t h e  component of t he  f r ee  
stream normal t o  t h e  chord at  t h i s  point t o  insure no flow through the 
a i r f o i l .  
from the chordline, the r e l a t i o n  is: 
I f  z is the v e r t i c a l  displacement of t h e  mean camber l i n e  
A y d i s t r ibu t ion  may now be specif ied given an a i r f o i l  geometry 
and angle of attack. Some r e s t r i c t i o n  must be placed on the  choice 
of a y d i s t r ibu t ion  t o  insure the flow w i l l  leave the  t r a i l i n g  edge 
smoothly as observed experimentally. Any nonzero y at t h e  t r a i l i n g  
edge w i l l  give an i n f i n i t e  ve loc i ty  and therefore  y is r e s t r i c t e d  t o  
zero t o  sat is i fy  the Kutta condition, 
I is shown i n  a number of aerodynamics texts, as Reference 4 ,  
t h a t  the y d i s t r ibu t ion  which satisfies both the  tangency and Kutta 
boundary conditions is  given by: 
10 
OD 
y(x) = 2V[Ao(l + cos 9/sin e j  + C An s i n  ne] 
n = l  
(4) 
where 
A0 = a - l/rr dz/dx de 
0 
'II 
An = 2/n 1 dz/dx cos ne de 
0 
- 1  e = cos (1 - 2x/c) 
Since the y d i s t r ibu t ion  is  known (given the a i r f o i l  geometry and 
angle of attack), t h e  l i f t  and moment can be computed by considering 
the  veloci ty  j u s t  above and below a vortex sheet. 
around a d i f f e r e n t i a l  element of a vortex sheet is: 
The c i rcu la t ion  
2 AV dx = ydx 
11 
A Bernoulli equation i s  now wri t ten between the  upper and lower 
I f  the pressure at a distance for  from t h e  a i r f o i l  i s  p,, surfaces.  
3 2 
+ p, = 1/2 p (V+AV) i.12 p V + pu + p a $  / a t  
U 
and 
2 2 
1/2 p V + p, = 1/2 p (V-AV) + pQ + P a g p t  (7) 
The difference i n  pressure across the  a i r f o i l  i s  given by: 
The lift per  u n i t  span is  the  in tegra l  of the  chordwire pressure 
difference . 
C 
4 = Apdx 
0 
12  
o r  
C 
0 
The second term represents t h e  l i f t  due t o  unsteady pressures 
and i s  equal t o  zero f o r  the  s t  .dy s t a t e  problem. 
by the free stream dynamic pressure and chord, t he  sect ion l i f t  
coef f ic ien t  becomes: 
Nondimensionalizing 
C 
0 
When the  expression for  y is reduced t o  t h e  case of a ,'Iat p l a t e  
a i r fo i l ,  the  C is given by: .t 
The moment coefkcient is writ ten about the  axis of rotat ion,  a, 
I t  is noted t h a t  the axis pos i t ion  is i n  terms as shown i n  Figure 1. 
of semi-chord lengths, b, and is pos i t ive  downstream of the  mid-chord, 
1 3  
The distance from the axis  t o  a vortex posi t ion x i s  given by 
b ( l  + a) - x .  The moment coef f ic ien t ,  where I:ose up i s  pos i t ive ,  is:  
C 
C = - 2/Vc2 1 (b(l+a)-x) ydx . m 
0 
For the f lat  p l a t e  a i r f o i l ,  the  expression reduces to :  
C = 7r/2 (1+2a)a 
m 
Steady State Computational Model 
The computational model i s  based on the  premise t h a t  a d i sc re t e  
number of  point  vort ices  placed on the  mean camber l i n e  of a t h i n  
a i r f o i l  can approximate a continuous d i s t r ibu t ion .  
the geometrical arrangement of the  vor t ices  f o r  the case of three 
control points .  A control point  is defined as a positior, where t h e  
velocity components are added t o  s a t i s f y  the  flow tangency boundary 
condition. I t  i s  noted t h a t  t h e  chord length is  divided i n t o  equal 
length panels with a vortex and control point loca:?d at t h e  1 /4  and 
Figure 2 shows 
14 
3/4 panel length posi t ions respectiv &y. 
is an extension of the  Weissinge; l i f t i n g  l i n e  approximation and has 
proved t o  give sa t i s f ac to ry  r e s u l t s  i n  both steady and unsteady caicu- 
la t ions .  The Kutta condition is  met autonratically using t h i s  model 
due t a  t he  fact tha t  the  last control point is  placed downstream of 
the last vortex. 
ever s t rength required t o  give smooth flow from the  t r a i l i n g  edge. 
When shed vort ices  are introduced f o r  the unsteady problem, the  last 
vortex may have a s t rength muL\ grea ter  than zero due t o  the  induced 
ve loc i t i e s  from the  shed vort ices .  
d i f f e r e n t i a l  quant i ty  dx, the statement of the  Kutta condition, 
y(c) = 0, w i l l  be met. 
James 
The placement of t h e  vor t ices  
This placement allows the  last vortex t o  have what- 
In t h e  limit as Ax approaches t h e  
6 
has shown conclusively t h a t  t he  choice of 1/4 and Z/4 
points is both op+iaw;n and mzndatory for t h e  so lu t ion  of any v o r t i c i t y  
d is t r ibu t ion  i n  the  steady two-dimensional problem. 
-neat v a l w s  are obtained regardless of the number of vor t ices  
r lacsd on the airfail 
iocation is computed 12.4 pe r  cent below the  continuous value near 
t>e leading edge s ingular i ty  f o r  the  f l a t  p l a t e  a i r f o i l .  
values cnmputed downstream of  t h e  first have negl ig ib le  error. 
Exact l i f t  and 
The value of yiat t he  first point  vortex 
The yi 
The previous equations, i n  terms of ii continuous y (x) , are now 
15 
L X 
Figure 2 Three vortex computational Model 
16 
wri t ten  in  a f i n i t e  difference form. Equation 3 at  a control  point 
E .  f o r  n bound vor t ices  becomes: 
J 
n 
1 / 2 ~  C yiAx/(xi-S.) = - v ( a  - ( A z / A X ) ~  
i=l J 
The above expression leads t o  a matrix formulation of the problem 
of order n when all  n control po in ts  are considered. For t h e  example 
case of three vor t ices ,  t h e  equations i n  
A A A 
11 12 13  
A A A 
21 22 23  
A A A 
31 32 33 
- 
matrix form are: 
- ,  
B 
1 
B 
2 
B 
3 
- -  
The coef f ic ien t  matrix, A 
from the  geometry. 
of t he  free stream veloci ty  at  the  control point .  
, represents constant values determined 
ij 
The constants B. represent t h e  normal component 
3 
1 7  
A matrix of t h i s  form is  solved by conventional means since it is 
square, linear, nonsingular and has canstant coeff ic ients .  The method 
chosen t o  solve t h e  matrix is the Banachiewicz - Crout algorithm which 
LS essentially a process of successive elimination of unknowns by 
algebrzic manipulation. The method has been programmed by Degelman 
and used as a subroutine of t he  main program shown i n  the appendix. 
2 
With the  values of t he  vortex strengths known, t h e  l i f t  and 
moment coef f ic ien ts  are computcd using the f i n i t e  difference form of  
equations 9 and 10. 
n 
= 2/vc c y.6x 5 i= 1 1 
C = - 2/Vc- (b(l+a)-x.)y.Ax 
i=l 1 1  rn 
(13) 
Figure 3 shows t h e  y d i s t r ibu t ion  on a f l a t  p l a t e  a i r f o i l  obtained 
using a 3 and 6 vortex model. 
s t a t ions  are near ly  exact while t h e  first is about 12 percent low. 
The accuracy of the lift and moment calculat ions is exact for both 
cases which confirms t h e  r e s u l t s  of James 
have been converted t o  an equivalent d i s t r ibu ted  value t o  compare 
w i  th equation 4.  
The y. values a t  the downstream 
1 
6 
Note t h a t  t h e  yi values 
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Un s t e adv F low Cons ide r a t  i on s 
The physical p r inc ip l e  which is of primary importance t o  unsteady 
problems is the  conservation of c i r cu la t ion .  
of  bound c i r cu lk t ion  and t h e  wake c i r cu la t ion  must be zero. 
The time rste o t  change 
dr/dt = drb/dt + drw/dt = 0 
Equation 14 is a r e s u l t  of Kelvins' theorem and states t h a t  t he  n e t  
c i r cu la t ion  around both the  a i r foi l  and wake must remain a constant.  
Thus i f  the bound c i r cu la t ion  changes due t o  flow f luc tua t ions  or 
airfoi l  motion, there must be an equal but opposite change i n  t h e  wake. 
The c i r cu la t ion  chauge i n  the wake i s  known t o  take place a t  t h e  
t r a i l i n g  edge i n  the form of shed vor t ices .  
The vortex sheding procedure i n  two dimensions i s  shown i n  
Figure 4. 
t h e  wake and a t  time t the  a i r fo i l  increases  its angle of attack and 
sheds a s t a r t i n g  vortex equal t o  the s t rength  of t h e  bound v o r t i c i t y  
at t ha t  time. 
approaches zsro for the continuous case and each new wake vortex has 
a s t rength  equal t o  the change i n  bmnd c i r cu la t ion .  
A t  time t there is  no c i r c u l a t i o n  on the a i r f o i l  or i n  
1 
2 
The shed vortex is formed at the  t r a i l i n g  edge as A t  
The shed 
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t=t, rl=o star ts  from rest  a t  zero al=0 - -- 
V 
l i f t  or  a known value 
t-t, r3  
V 
Figure 4 Unsteady Vortex Sheding 
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vortices move downstream wi th  the f r e e  stream veloci ty  and t h e i r  path 
i s  influenced by the induced veloci ty  of one element on another. The 
vortex sheding process continues u n t i l  steady s t a t e  conditions are 
reached, t h a t  is ,  the bound c i rcu la t ion  does not .change w i t h  time. 
Computational Model Changes fo r  the  Unsteady Case 
The difference i n  t h e  equations forming t h e  matrix i n  the  
unsteady problem is  t h e  influence of the shed vor t ices  on t h e  veloci ty  
induced a t  2 control  point .  A t  
velocity a t  a control point due 
the  first shed vortex, -r , and 
2 
n 
i=l 
(2)Ax/ (IC. - 5  .) - 1/2r 
1 J  
1 / 2 n  c yi 
time t , as shown i n  Figure 4, the  
t o  the  bound vor t ices  a t  t , y , 
2 
i 2 )  
2 
t he  f ree  stream is: 
n (2)Ax/ ( c - S :  j+VAt) = 
Y i  
i= 1 
Writing equation 15 for a l l  n control points and solving the  matrix 
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f o r  yi (2) ,  the  value of r i s  computed as :  
2 
n 
r = c y i  (2) Ax 
2 i=l 
During t h e  time in t e rva l  t t o  t 
2 3 
another shed vortex i s  formed 
of strength - ( r  -r  ) .  The first shed vortex continues t o  move down- 
3 2  
stream t o  a posi t ion 2 V A t  from the t r a i l i n g  edge. The veloci ty  at a 
control point influenced by two shed vor t ices  at  time t is: 
3 
n il 
1/2n  C y (3)Ax/(xi-(j) - 1/2.rr[ C Y ~ ( ~ ) A x - I '  ]/(c-Sj + VAt) 
i i=l 2 i=l 
- 1 /2n  r / ( c  - + 2VAt) = - V(U + (Az/Ax).) 
2 5 J 
As time proceeds, t h e  prccess adds another shed vortex a t  each 
time increment. A general form €or a time interval m is:  
23 
n n 
1 / 2 ~  C vi(m)Ax/(xi-Ej) - 1 / 2 n [  C yi(m)Ax-I'(m-l)]/(c-[ + V A t )  
i=l i=l j 
I t  i s  noted tha t  the unknown y d i s t r ibu t ion  appears both i n  t h e  
expression f o r  the bound and new shed vor t ices '  influence on the 
control point.  
form of the  coef f ic ien t  matrix used i n  the calculat ions.  
This property of t h e  unsteady problem changes t h e  
The l i f t  and moment can be computed using the  unsteady Bernoulli 
equation. 
t h e  l i f t  (from equation 8) as: 
The unsteady pa r t  of t h e  equation makes a contribution t o  
C 
A velocity pc t en t i a l  i s  wr i t ten  from the  leading edge t o  a 
posi t ion x on the  a i r f o i l  f o r  the upper and lower surfaces ,  
X 
= 1 (V + AV) dx 4, 
0 
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X 
QL = 1 (V-AV) dx 
0 
Then 
X 
= 1 2AV dx $u - ?t 
0 
and from equation 5 
X 
= 1 y d x  +u - % 
0 
The total lift i n  terms of the y 6istribution on the a ir fo i l  i s :  
C C X 
c = p V 1 y dx + p 1 [ a / a t  1 y dx] dx 
0 0 0 
(17) 
The unsteady l ift  is  composed o f  two parts, one independent o f  time 
and the other due t o  the time rate of  change of circulation around 
25 
t he  a i r f o i l .  Althcu$ p a r t  of the  l i f t  appears t o  be irdependent of 
time, i t  i s  not  t he  same lift t h a t  Mould be computed ilsing steady 
s ta le  methods. The y d i s t z ibu t ion  is altered by the  wake, and t h e  
time h i s t o r y  of the unsteady notion must be known t o  compute t h e  wake 
s t ruc tu re .  The second term of equation 18 i s  not  t o  be confused w i t h  
10, 
the  term lladded'l o r  "apparent masst1 used i n  the classical theo r i e s  
14,18 . Apparent masses are c h a r a c t e r i s t i c a l l y  independent of t h e  p a s t  
h i s t o r y  of the  motion and are noncirculatory i n  na ture .  
A i r f o i l  motion may be defined as angular r o t a t i o n  about some t x i s  
on o r  o f f  the a i r f o i l  and v e r t i c a l  t r a n s l a t i o n  of t h e  axis. Ei ther  
motion induces ve loc i ty  components normal t o  t h e  a i r f o i l  and must be 
included i n  the  sum of v e l o c i t i e s  a t  each ccnt ro l  po in t .  
r o t a t i o n  (nose up) effects each control  po in t  as: 
A p o s i t i v e  
v = da/dt [b(1 + a] - t j ]  
a 
A p o s i t i v e  v e r t i c a l  notion effects a l l  cont ro l  po in t s  as: 
v =  - dh/dt 
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The d i r ec t  integrat ion of the unsteady Bernoulli equation provides 
a convenient means of finding t h e  forces OK an a i r f o i l  i n  a numerical 
procedure. 
handled s ince the bound vortex d i s t r ibu t ion  and n a k e  s t ruc tu re  is  
generated at each time increment f o r  any inflow condition. 
motion or gust s t ruc tu re  is not l imited t o  any p3r t i cu la r  type. 
Problems of  a i r f o i l  motion or  flow unsteadiness can be 
Air fo i l  
Discussion of the  Wake Geometry 
The preceding unsteady mode1 assumes the  shed vor t ices  l i e  i n  the  
x direct ion and move downstream with the  flow veloci ty .  In r e a l i t y  
*be wake rolls up under its own influence and the  influence of the  
bound vortices.  Djojodilrar4jo and Widnall have shown t he  "ffects o f  
3 
using three d i f f e ren t  wake geometries f o r  t he  impulsively s t a r t e d  
a i r foi l  problem. With the  l i f t  bui ld  up produced by a free wake (or 
field-induced wake) as the standard, t he  r i g i d  wake assumption gives 
e s sen t i a l ly  no error for s m a l l  angles of a t tack.  
t he  difference is less than 4% for the  f irst  1.25 semi-chord lengths 
Even at 0.3 radians 
after s t a r t i ng .  
the  free and r i g i d  wake approach each other. 
is noied between a r ig id  wake which lies in the  x direction o r  cne 
As t he  distance t raveled increases the  r e s u l t s  f o r  
No s ign i f i can t  difference 
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- 
J 
which is aligned W i t h  t h e  veloci ty  vector. Giesing compares a 
deforming wake r e s u l t  t o  the  Wagiier function f o r  t he  s tep  change i n  
ing le  of attack problem and a l so  shows t h e  free wake t o  s l i g h t l y  
r e t a rd  t h e  l i f t  bui ld  up. 
5 
Giesing has a l so  compared the nonlinear r e s u l t s  t o  two other  
c l a s s i ca l  problems which are the Kussner function used t o  f ind  t h e  
l i f t  on a f la t  p l a t e  enter ing sharp edge gust and the  Theodorsen 
function used t o  r ind the  lift on a f la t  p l a t e  executing per iodic  
motions of small a q l i t u d e .  The Kussner function-was found t o  be 
unaffected by the n o n l i x a r i t y  even f o r  t he  case where the  v e r t i c a l  
gust veloci ty  is ha l f  t h a t  of  t he  free stream. The Theodorsen function, 
hawever, is affected by the deforming wake by an amount proportional 
t o  the  amplitude of t h e  motion and its reduced frequency, k. 
k = wb/V 
The deviations from t h e  l i n e a r  theory increase wi th  increasing ampli- 
tude and reduced frequency. For v e r t i c a l  o sc i l l a t ions  with an ampli- 
tude of 0.06 C, the  nonlinear effects are noticeable above a k of 1.0. 
The lift is always nearly i n  place but the  magiittide is above t h a t  
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calculated by linear methods. 
t o ry  l i f t  i s  twice tha t  predicted by Theodorsen at a k of 1.0. 
noncirculatory effects are important a t  large amplitudes and high 
frequencies, however, and should be considered when comparing t h e  
t o t a l  l i f t  obtained from linear and nonlinear methods. These effects 
are proportional t o  k 
reduced frequencies. 
A t  an amplitude of 0.3 C,  t h e  c i rcu la-  
The 
2 
and can completely dominate t h e  l i f t  a t  high 
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IV. COMPARISON OF UNSTEADY COMPUTATIONS TO THEORY 
Before applying the unsteady numerical so lu t ion  t o  the  a i r f o i l -  
vortex in te rac t ion  problem, i t s  va l id i ty  was assessed by comparing it 
t o  the  Theodorsen 5m 
function f o r  t he  impulsive s tar t  problem. 
Theodorsen function provides a check on both c i rcu la tory  and "added 
mass1' p a r t s  of the l i f t  and the Wagner function comparison is  of 
importance s ince  a numerical method requires small s t ep  changes i n  
the  inflow t o  proceed from one time s t ep  t o  the next. 
comparison with both Theodorsen and Wagner functions w i l l  give con- 
fidence i n  the r e s u l t s  obtained for any other  problem. 
-2 f o r  an o s c i l l a t i n g  a iTfo i l  and the  Wagner 
A comparison with t h e  
A sa t i s f ac to ry  
Theodorsen Function Comparison 
The problem of an a i r f o i l  o s c i l l a t i n g  i n  the  v e r t i c a l  and 
ro ta t iona l  coordinates i s  considered. 
of the  l i f t  for t h i s  case is  wri t ten:  
The theore t ica l  expression 
L = 2n p V C(k)[L' + Va + b(1/2-a);] 
(19) 2 0. .. 
+ TI p b [h' + V i  - ba a] 
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Where C(k) i s  the  Theodorsen function made up of real and imaginary 
pa;ts as: 
Equation 19 is derived for  harmonic motion where the  v e r t i c a l  
coordinate h '  and t he  ro ta t ion  angle a are writ ten: 
i w t  h '  = h ' e  
0 
i w t  a = a e  
0 
Subst i tut ing the above and t h e i r  time derivat ives  i n t o  equation 19, 
separating t h e  real and imaginary pa r t s  and normalizing by p V  b. 
following expression is obtained f o r  t he  CL: 
2 
The 
- i(wt+4) Cl = A e  
where 
- 2 2 1/2 
A = (BB + CC ) 
and 
2 1 2  
S B  = II [a (k a + 2F - 2Gk(1/2-a)) - h (k /b + 2Gk/b)] 
0 0 
1 
CC = IT [ao (k + 2F (1/2 - a) k + 2G) + h (2Fk/b)] 
0 
- 
A is  the amplitude of the lift predicted by Theodorsen and @ is the 
phase angle. 
state methods, consider the Ce obtained using only the instantaneous 
vertical velacity and angle of attack: 
To compare t h i s  result  t o  the lift calculated by steady 
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Again using equations 20 and 21  and t h e i r  time derivat ives ,  an 
expression f o r  t h e  steady state l i f t  coef f ic ien t  can be wr i t ten .  
- i(ot+B) Cess = Ass e 
where 
2 I 2 1/2 - 
ASS = 2.rr(ao + (uho/V) ) 
B = TAN-’ [(whi/V)/a 0 J 
The r a t i o  of the  ac tua l  Ce t o  t h a t  computed with steedy s ta te  methods 
becomes : 
For i l l u s t r a t i o n  the ratio of C /C ss and t h e  phase difference e t  
(4-6) are p lo t ted  as a function of reduced frequency on Figure 5 f o r  
v e r t i c a l  o sc i l l a t ions  and Figure 6 f o r  ro ta t iona l  o sc i l l a t ions .  The 
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theore t ica l  magnitude r a t i o  and phzse difference a re  shown as  s o l i d  
line5 and the data  points  a re  values obtained by the numerical computa- 
t ions 
The computations were made using s i x  bound vor t ices  t o  represent 
t h e  y d i s t r ibu t ion .  
the  reduced frequencies tes ted .  
r e s u l t s  only s l i g h t l y  a t  high k values. 
This was found t o  be a sa t i s f ac to ry  number f o r  
Increasing the  number improves the  
Typical r e s u l t s  from the  numerical computations are shown on 
Figure 7. 
k ' s  of 0.2 and 10. Vslues obtained using t h e  computational model are 
i n  agreement with Theodorsen's r e s u l t s  both f o r  a k of 0.2  where wake 
effects cause t h e  grea tes t  phase lag and f o r  a k of 10 where t h e  non- 
c i rcu la tory  effects a re  s ign i f icant .  
a t  the  second peak i s  4.5 per cent above the  exact f o r  a k of 0,2  and 
8.0 per  cent above a k of 10, 
and f a l l  within t h e  range of 0 per cent a t  a k of zero t o  8 per  cent 
a t  a k of 10, 
The r a t i o  of  CL t o  maximum C ss is p lo t ted  against  u t  for  L 
The computed Cl value occuring 
The e r ro r s  generally increase wi th  k 
The accuracy is a function of how small t h e  time in t e rva l  i s  
between successive solut ions,  To obtain the accuracy quoted, it is 
necessary t o  make 60 solut ions per cycle f o r  an amplitude of 0.15 
radians,  The time increment, A t ,  f o r  60 solut ions per cycle is  
n/30w. 
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I t  i s  of i n t e r e s t  t o  noLe the difference i n  l i f t  calculated 
using unsteady methods t o  tha t  obtained assuming steady s t a t e  as 
shown i n  Figure 7 ,  The k of 0.2 gives a 27 per cent reduction i n  the  
amplitude and a phase lag of 7 degrees from the  steady s t a t e  calcula- 
t i on .  
phase lead of 84 degrees. 
The k of 10 gives a f ac to r  of 5 increase i n  t h e  amplitude and 
Wanner Function Comarison 
The Wagner function gives the  l i f t  bu i ld  up on an a i r f o i l  after 
an instantaneous change i n  the  inflow conditions. 
the  angle of a t tack ,  f o r  example, causes the l i f t  t o  change as i. 
function of time as: 
A s t e p  change i n  
= TC p V 2 Aa $(S) 
The term $(s) is  the  Wagner function i n  terms of s, the  distance 
traveled i n  semi-chord lengths. 
t o  pos i t ive  values of s and is wri t ten as : 
The Wagner function i s  r e s t r i c t e d  
1 
CD 
$(s) = 2/rr \ F(k)/k s i n  ks  d~ e 
k=o 
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The integral  ranges o';x a l l  reduced frequencies t o  i n f i n i t e  values 
which indicates  t ha t  t h e  s tep  change problem is considered a motiori 
at  an i n f i n i t e  frequency. s not of simple 
form since F(k) is expressed i n  terms of Bessel functions, but a 
convenient approximat ion exists for 4 (s > which is : 
The expression f o r  $is: 
$$) = s + 2/s + 4 . 
?Ire circulatory pa r t  of t h e  sc lu t ion ,  t h a t  pa r t  which is time and wake 
dependent, is the only pa r t  included i n  the  Wagner function and the  
contribution t o  the l i f t  of +* -?  added mass mst be included for t h e  
t o t a l  Lift t o  h.1 obtained. 
c i rculatory contribution at the  very start of t h e  problem, however, 
s ince the inflow conditioxx change only at t h e  start. 
It is only necessary t o  consider t h e  non- 
The comarison of t he  r e s u l t s  f r o m  the computational model t o  
t h e  Wagner function is shown by Figure 8 .  
accwacy of the  computation depends d i r e c t l y  on t he  ti-e i n t e rva l  A t  
chosen. 
thz problem, t h e  inflow conditiolis change i n s t a n t a e w s l y  causing a 
strong s t a t i n g  vortex t o  be shed which grea t ly  effects t h e  l i f t .  
I t  is  clear t h a t  t he  
This propcrty is r e l a t e d  t o  the  fact t h a t  at t h e  start of 
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For t h i s  reason a de ta i led  description of t h e  wake is required at  t h e  
start. I t  is clear tha t  i n  t h e  l i m i t  of a zero A t ,  t he  computational 
procedure w i l l  give exactly t h e  Wagner iunction except a t  the  in s t an t  
of s t a r t i n g  where t h e  l i f t  would be momentarily i n f i n i t e  due t o  the  
added mass contribution. 
The instantaneous y d i s t r ibu t ion  shor t ly  after t h e  start of the  
s t e p  change problem is shown i n  Figure 9. Notice t h a t  near ly  as much 
sgat ive as Fosi t ive  y st rength is  present which indicates  t h a t  most 
of the l i f t  is resu l t ing  from t h e  rate of change of c i r cu la t ion  r a the r  
than the c i r cu la t ion  itself. y d i s t r ibu t ions  of t h i s  general shape 
appear frequently i n  the  unsteady calculat ions and it is clear t h a t  
knowledge of t he  chordwise pressure d i s t r ibu t ion  is necessary for 
accurate l i f t  and moment computations. 
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V. APPLICATION OF THE COWYI'A'I'IONAL MODEL TO THE 
ROTOR-VORTEX INTERACTION PROBLEM, 
With confidence gained i n  the numerical method by comparison t o  
the classical theories ,  t he  method was applied t o  the  rotor-vortex 
in te rac t ion  problem. 
approximation t o  t h e  case where t h e  hel icopter  blaze intersects a 
vortex whose ax i s  passes p a r a l l e l  t o  the  
nit. in te rsec t ion  angle f o r  t h i s  case is 90 degrees. 
en te rs  the  vortex at  tho :-.?m- time and a two-dimensional loading i s  
expected. For other -ectlon mgles ,  f luctuat ions i n  both span- 
wise and chordwi: t e a  occur requiring an unsteady three-  
dimensional approac :#- the  problem, 
The two-dimensional study was undertaken as an 
as shown i n  Figure 10. 
The e n t i r e  blade 
The vortex in te rac t ion  model is  bas ica l ly  the  sane as t he  
unsteady a i r f o i l  problem k i t h  the  addition of a po ten t i a l  vortex t o  
the  free stream. 
control  point which modifies t h e  bound vortex s t rengths  required t o  
s a t i s f y  the boundary conditiciis. 
of the  wake vort ices ,  but t h i s  e f f ec t  is neglected s ince  a r i g i d  
wake is  assumed. 111 turn,  t h e  bound and wake vor t ices  effect the  
path of the vortex due t o  t h e i r  induced ve loc i t i e s  a t  t he  vortex. 
The vortex induces a d i f f e r e n t  ve loc i ty  a t  pa& 
The vortex a l so  effects the  path 
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In previous invest igat ions of t h i s  problem, the  vortex path has been 
assumed fixed, unaffected by t h e  blade and wake. 
the  e f f ec t  is  four4 t o  be worthwhile when the  blade passes near t h e  
vortex. 
The consideration of 
Including the  vortex i n t o  the program involves the  computation 
of noma1 and tangent ia l  veloci ty  components induced a t  the  control 
points.  
d i s t r ibu t ion  required t o  maintain t h e  boundary condition and t h e  
The normal component a l t e r s  t he  bound vortex s t rengths  and 
tangent ia l  component increases the e f f ec t ive  veloci ty  across the  
chord. 
During the  vortex in te rac t icn ,  t he  blade experiences a r e su l t an t  
velocity,  V , which is  i n  general d i f f e ren t  f i > m  t h a t  of  t he  free 
stream due t o  the  presence of  t he  vortex. 
r 
Since every control point 
experiences a s l i g h t l y  d i f f e ren t  horizontal  component of t h e  r e su l t an t  
veloci ty ,  V' , t he  l i f t  is computed from the  following in t eg ra l  con- 
ta ining V . 
X 
X 
C C X 
d P V y(x) .dx x + P 
0 0 0 
The l i f t  coeff; ' ?nt is  based on the free stream veloci ty ,  however, as: 
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2 
c = l / 1 / 2  p v c 
L 
From experience w i t h  per iodic  l i f t  f l uc tua t i c  , it  was found 
t h a t  a A t  which gives 60 so la t ions  per  cycle is required f o r  
reasonable accuracy. 
determined by assuming the lift changes from a pos i t ive  t o  a negative 
peak i n  about one chord length. 
cycle, 30 solut ions per chord length was used giving the  following 
expression f o r  A t .  
The A t  f o r  t h e  vortex in te rac t ion  problem was 
Assuming t h i s  t o  be l i k e  a ha l f -  
A t  = c/30 V 
The s t a r t i n g  posi t ion of t h e  vortex was chosen as 2 1/2  chord 
lengths ahead of the leading edge of the blade. 
distance possible is  desirable  from a long wake generation stand- 
point ,  t h i s  value was found t o  be a p rac t i ca l  limit when storage 
space and computation time requirements are considered. 
not been a severe l imi ta t ion  since the wake has proved t o  have i t s  
greatest effect when t h e  vortex i s  near t h e  blade. 
While the  fu r thes t  
This has 
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VI. ANALYSIS OF RESULrS AND COMPARISON WITH EXPERIMENT 
Important parameters f o r  consideration i n  the  blade-vortex 
i n t e r a c t i o n  a r e  shown on Figure 11. These include t h e  i n i t i a l  
height  of t h e  vor tex  above o r  below the  blade,  h ,  t he  blade chord 
length,  the  vortex s t r eng th ,  r 
V' 
valucs and the  time i n t e r v a l  between them, AT, and t h e  maximum 
ciffei-ence of the  sec t ion  l i f t  coe f f i c i en t ,  A c e .  
the  p o s i t i v e  and negat ive peak C L  
Typical computed C va r i a t ion  and vortex path time h i s t o r i e s  
The so lu t ions  correspond t o  
e 
a re  shown i n  Figures 11 t o  14. 
Surend-aiah's experimental conditions o f  2000 RPM and a rv of 
15 2 5  ft /sec,  As the  magnitude of h/c  decreases,  ACL increases ,  
the  f i rs t  dezivat ive of  t he  CL curve changes more abrupt ly  a t  the  
peak C 4  vl;iues, and the  d is tance  required YO go from p o s i t i v e  t o  
negative peak C 
an h / c  of 1 , O  t o  less than one chord length at  an h/c  of 0.1. 
' 7  
2 
values decreases from near ly  two chord lerigths at  L 
Figure 14 presents  a compa-rison of the  computed Ct  v a r i a t i o n  
through the  vortex t o  2 corresponding experimental trace where t h e  
value and pos i t i on  of t h e  pos i tve  peak C 
The general  shape of the  C 
is  matched t o  t h a t  computed. .t 
variat ion i s  similar although t h e  e 
4 7  
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computations predict  a somewhat more r ap id  5 u i l d  up an< decay of t h e  
l i f t .  
Figure 15 shows t h e  effect of using a quasi-steady approximation 
t o  compute the  f luc tua t ing  l i f c  on the  blade. 
including t h e  unsteady term i n  equation (30) but t h e  wake's contribu- 
t i on  t o  t h e  l i f t  i s  neglected. 
values, computed using the  quasi-steady approximation, are w e l l  above 
those computed by unsteady theory. 
t ions  generally reduces the loads produced by the  blade-vortex in t e r -  
ac t  ion. 
The l i f t  is computed 
The pos i t ive  and negative Ce peak 
Including t h e  wake i n  t he  calcula- 
A steady state approximation, computing the  l i f t  by t h e  instan- 
taneous veloci ty  and angle of attack, is a l s o  shown by Figure 15. The 
peak Ce values are lower and the  peak shape is round r a the r  than sharp 
when coaparcd t o  the  unsteady calculat ion.  
vortex sd th  due t o  the  influence of  the  blade causes the  asymmetry i n  
t h e  solut ion.  
steady state conditions. 
The displacement of t he  
Blade loads are generally underestimated assuming 
Figure 16 compares the  pos i t ive  and negative Ce peak values of 
The experimental values are the  experiment t o  the computed values. 
shown to  be considerably less than the  computed values; however, both 
experimental and computed r e s u l t s  show the negative Ce peak t o  be 
smaller than the pos i t ive .  
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The t o t a l  var ia t ion  of Ce through the vortex, Ace, plo t ted  
against  h / c  for  constant r /Vc r a t i o s  is shown i n  Figure 17. 
value of Act increases w i t h  increasing vortex s t rength and with 
decreasing magnitudes of h/c.  
pos i t ive  and negative h/c value, the  negative value gives a grea te r  
The 
V 
When AC is  compared f o r  t h e  same e 
, This asymmetry is due t o  the  unequal r e su l t an t  veloci ty  and Act 
angle of attack experiewed by the  blade as the  vortex passes above 
o r  below the  blade, I t  i s  a l s o  due t o  t h e  displacement of t h e  vortex 
path away from the  blade for pos i t ive  h/c values and toward the blade 
f o r  negative va_'ues. 
Figure 18a is a cross p l o t  of Figure 17 where rv/Vc is the  
Experimental r e su l t s  for  the  95 per cent independent var iable .  
radius s t a t ion  are included i n  the  f igure.  I t  is clear t h a t  the  
experimental AC magnitudes are well below those predicted.  e 
The disagreement i n  the magnitude of the  Ce values can be 
explained. The most l i k e l y  cause is the highly three-dimensional 
nature of the flow near t?ie blade t i p  where Surendraiah's da ta  was 
taken, Figure 18b presents the data  f o r  the  85 per  cent s ta t ion  
( fur ther  from the  t i p )  where the Ace values a re  higher. 
In order t o  obtaiii an approximate correction for  three-dimen.;ional 
e f f ec t s ,  the  spanwise 
a rb i t r a ry  p i tch  angle 
as given by McCormick 
Ce d i s t r ibu t ion  on a two bladed rotor a t  an 
is  found using the  vortex theory of propel lers  
. The section l i f t  coefficient a t  a spanwise 12 
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s t a t i o n  is  expressed i n  terms of :he b!ade p i t c h  angle,  B ,  t h e  down- 
wash induced angle of a t t a c k ,  a i ,  and t h e  l i f t  curve s l q e ,  a 
0’ 
as: 
Cl = a (6 - ai) 
0 
For t h e  i n f i n i t e  aspect  r a t i o  case, ai i s  zero and t h e  r a t i o  of Ct 
t o  t h e  two-dimensional value a t  a spanwise s t a t i o n  becomes: 
The approximate a is  expressed i n  terms of  t h e  r o t o r  s o l i d i t y ,  u, i 
the  spanwise pos i t ion ,  x, and t h e  Prandt l  t i p  loss factor, F, f o r  
t h e  s t a t i c a l l y  operat ing r o t o r  as: 
2 1/2 
a = 1/2[-uao/8xF + ((aao/8xF) + aaoB/2xF) ] i 
The t i p  loss factor may be ca lcu la ted  given t h e  number of blades,  
B, and the p i t c h  angle a t  the  t i p ,  BT, as: 
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-1 F = 2 / n  cos ,xpi-B(l-x)/2sinB T 1 
Calculating the  CL r a t i o  of equation 31 for the  85 and 95 per  cent 
s t a t  ions : 
a t  
a t  
Considering t h e  t i p  
85% Ce/ C1.2d = 0.460 
e f f e c t s ,  t h e  computed two-dimensional r e s u l t s  
should d i f f e r  from the experimental values by a f a c t o r  of 2.5 at t h e  
95 per cent s t a t i o n  and 2 .2  a t  t h e  85 per cent s t a t i o n .  Figures 19a 
and b compare the  theory t o  the  experiment wi th  the t i p  loss correction 
included. 
0.25 and 0.50, but t h e  predicted r e s u l t s  f o r  h/c of 0.1 are well above 
the experimental values. 
whose core radius is 20 per cent of t h e  blade chord, results using a 
poten t ia l  vortex model for  an h/c of 0.1 a re  questionable. 
Much more sa t i s f ac to ry  agreement is  obtained f o r  h / c  of 
Since Surendraiah’s results apply t o  a vortex 
Another contr ibut ing-factor  t o  the  three- dlmensionallty of t h e  
The flow i s  the  high advance r a t i o  at  which t h e - r o t o r  was operated. 
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vortex was generated using a 110 f t / s c c  tunnel ve loc i ty  i n  t h e  
d i r ec t ion  of t h e  vortex a x i s .  
bla-' 
T h i s  ve loc i ty  i s  p a r a l l e l  t o  the 
span f o r  t h t  90 degree in t e r sec t ion  angle and c iuses  a c ross  
flow pc t t e rn  on the  blade.  
with tne tunnel ve loc i ty ,  
29 degrees t o  t h e  blade a t  ~ 3 0 0  RPM and 36 degrees at  1500 RPM. 
The rotat'oni?! ve loc i ty ,  when cogbined 
*esa r e s v l t a n t  flow which is direcxed 
The 
'blsde i s  e f f e c t i v e l y  swept forward during the  in t e rac t ion .  The la rge  
lli,les of  the  flsx r e l a t i v e  t o  t h e  chordwise pressure sensors give 
r e s o n  t o  quest ion chordwise pressure d i s t r i b u t i o n  measurements, 
p a r t i c u l a r l y  near  t he  t i p .  
Tie p e r f e c t  f l u i d  assumption used i n  the  theory i s  another 
source of error.  The maximum vortex induced angle of a t t a c k  during 
the  i n t e r a c t i o n  is  near ly  15 degrees. A t  t he  low Reynolds nunbers 
used i n  the tes ts ,  approximately 1.5 t o  2 . 2  x 10 , f i u w  s spa ra t io r  5 
may occur'. 
'0 
The t h e o r e t i c a l  r e s u l t s  of Johnson show agreement with 
Surendraiah's da t a  except f o r  t h e  case of a 6 of 90 degrees. 
Johnson's theory overpredicts  t he  ACL magnitudes by a f a c t o r  cf two 
for  t h i s  i n t e r s e c t i o n  angle. An i n f i n i t e  aspect r a t i o  wing i s  used 
i n  h i s  theory.  
I t  is obvious from Figures 18 and 19 t h a t  :he AC i s  a l i n e a r  i! 
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fanction of the nondimensional parameter rvjVc. 
is predicted by the  analytical model and confirmed by Surendraiah's 
r e su l t s .  
I' /Vc since the vortex-induced angle of attack also var ies  w i t h  t h i s  
parameter. This can be shown by considering tLn veloci ty  induced by 
a vortex on a blade a t  a distance h and xv from the  blade. 
This re la t ionship  
The t o t a l  change of Ce i s  expected t o  be proporti-onal t o  
V 
2 2 1/2 
V. = r /2n (h + x ) 
1 V V 
If the  induced veloci ty  is assumed perpendicular t o  V, t he  vortex - 
induced angle of at tack,  for small angles, is given by: 
2 2 1/2 
a = 4 / 2 n  (h +x ) ]/V 
V V 
Ihe a s s q t i o n  is va l id  when the  ratio of h/xV is small and is t he  
case when the vortex is not in close proximity t o  the blade. 
given x posit ion,  a varies as: 
For a 
V V 
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Since constant values of h/c  are used, h may be replaced by c i n  t h e  
proportionali ty t o  form the  parameter r /Vc. v 
Figure 20 presents t h e  t i m e  ratc of change of Ace w i t h  h / c  f o r  
2 
cors tant  r / c  r a t i o s .  The trends are similar t o  those of t h e  Act 
var ia t ion  including the  asymmetry, t h a t  is, a negative h/c  gives a 
V 
higher ACt/AT than the  same pos i t ive  value. 
2 
Figures 21a and b are cross p l o t s  of 20 where Tv/c is the 
independent var iable .  Surendraiah's experimental r e s u l t s  for t h e  
95 pe r  cent s t a t i o n  are included i n  Figure 21a and t h e  unpublished 
r e s u l t s  for  t h e  85 per  cent s t a t i o n  are presented i n  F i g u r e  21b. 
l i n e a r  re la t ionship  between AC /AT and the  parameter T/c 
h j c  is predicted by the ana ly t i ca l  model. Only two values of rv/c 
were used i n  the  experinent but,  togethsr  with the  or ig in ,  they do 
A 
2 
for constant 
2 
e 
tend t o  confirm the  l i nea r i ty .  
e The time in t e rva l ,  AT, var ies  d i r e c t l y  with c/V s ince  the  C 
goes from a pos i t ive  t o  negative peak i n  approximately one chord 
length. The re la t ionship  of ACQ/"T t o  rv/c follows since Act 
has been shown t o  be proportional t o  rv/Vc. 
2 
The magnitudes of ACe/AT obtained experimentally are belaw 
that predicted by the  same factor as the  Ace values. 
cha rac t e r i s t i c  ind ica tes  t he  difference lies with t h e  magnitude 
This 
of Act and not with the  time in te rva l .  
factors are also applied t o  the  ACe/AT values.  
The t i p  loss correct ion 
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VII, CONCLUSIONS 
A numerical method for the computation of unsteady aerodynamic 
forces 0. .  L t h in  a i r f o i l  has been developed. 
compared t o  t h e  l i n e a r  theories  of Theodorsen f o r  an o s c i l l a t i n g  
a i r f o i l  and Wakaer f o r  an impulsively s t a r t ed  a i r f o i l  and sa t i s f ac to ry  
agreemeire o t  ained. 
The method has been 
me numerical method has been applied t o  t h e  vortex in te rac t ion  
problem by calculat ing the sect ion l i f t  coef f ic ien t  as a poten t ia l  
vortex passes near an airfoi l  representing a he l icopter  blade sect ion.  
The calculated r e s u l t s  were compared with experimental measurements 
and the  following conclusions reached. 
1. The invest igat ion proves the f e a s i b i l i t y  of a 
numerical method t o  predict  the unsteady forces 
on an a i r fo i l .  
vor t ices  t o  represent t h e  a i r fo i l  and wake. 
The method uses d i s c r e t e  point 
2, In blade-vortex in te rac t ions ,  the  shape of t h e  
Ce var ia t ion  as t h e  blade passes near a vortex 
which is  computed by the  numerical model is similar 
66 
t o  t h a t  obtained experimentally. 
i n t e rva l  bttween peak C 
experimental measurements. 
The computed time 
values is i n  agreement with s 
3. "lie Itiaxiiiium difference i n  sect ion l i f t  coef f ic ien t  
as a blade passes through a vortex var ies  d i r e c t l y  
with the  vortex s t rength-and inversely w i t h  the  
ve loc i ty  and blade chord for a given r a t i o  of blade- 
vortex separation distance t o  chord. 
4. The time rate of change of t h e  maximum difference 
i n  C is a l i n e a r  function of t h e  r a t i o  of vortex 
s t rength t o  t h e  square of t h e  blade chord f o r  a 
given ratio of blade-vortex separation distance t o  
&or 1. 
s 
5 .  Steady s ta te  or quasi steady ass-umptior?s are 
inadequate t o  p red ic t .  t he  unsteady nature of 
t he  l i f t  f l u c t u a t j  on during blade-vortex in te rac t ion .  
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6. 
7. 
8. 
Caution should b c  oxcrcised i n  applying t h e  
two-dimensional model t o  t h e  blade-vortex 
i n t e r a c t j  on problem, pa r t i cu la r ly  i n  the  
v i c i n i t y  of the blade t i p .  
are generally overestimated by t h e  numerical 
so!ution when compared t o  experimental 
measurements. Sa t i s fac tory  agreement i s  
obtained by correcting t h e  two-dimensional 
results for ~ t i p - e f f e c t s  considering blade- 
vortex separation distances g rea t e r  than the  
The blade loads 
experimental vortex core radius.  
The establishment-of a long o r  semi- inr ini te  w a k e  
is not  requircd for agreement of the  numerical 
calculat ions with t h e  Theodorsen function. 
Agreement i n  phase and magnitcde i s  obtained 
during the  first cycle.  of o s c i l l a t i o x  f o r  
reduced frequencies from zero through ten.  
In a numerical. solut ion of  unsteady a i r f o i l  
68 
problems, the interval between successive time 
steps inust be sufficiently small for accurate 
results. 
steps 
within 8 per cent-at a reduced-frequency of ten. 
The error is less-at lower reduced frequencies. 
Impulsivc start -problems require infinitesimal 
time increments-at the instant of start but 
intervals which give-a 1/10 chord shed vortex 
spacing will provide-satisfactory agreement to 
the Wagner- function 0.15 chord lengths after 
the start. 
Periodic-lift fluctuations require 60 time 
per cycle for agreement with Theodorsen 
9. In general, the-instantaneous-chordwise pressure 
distribution for an. airfoil. in unsteady motion 
differs significantly from the steady state 
distribution . 
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E9 P END I X 
Use of t h e  Lvmuter Program 
The program has comment cards a t  the  beginning t o  explain nost 
of  the  input  var iab les  but surne c l a r i f i c a t i o n  is needed i n  c e r t a i n  
cases.  
First Data Card 
.._I_ 
N (format IS)  - nunber of vo r t i ce s  t o  be placed on mean 
ca.iber l i n e  
MCHECK, NAUX, MREV, N S Q  ( a l l  format 15) - parameters 
used i n  t h e  rout ine  t o  solve the  
simultaneous equations,  explained i n  
reference ( 2 ) .  
MPRINT (format I S )  - equals 1 i f  user  wants y d i s t r i b u t i o n  
p r in t ed  f o r  each time seep. 
blank, only r e s u l t i n g  C& w i l l  be p r in t ed .  
If l e f t  
7 3  
Second Data Card -
CHRD (format F10.3) - chord length of blade.  
VEL (format F10.3) - free stream velocity.  
w (format F10.3) - frequency of per iodic  v e r t i c a l  o r  
ro ta t iona l  blade motions. If blade 
is r ig id ,  make w = ZIT and TO = 0.25 
n d  remove statement at end of deck 
"T = T + DELTT." 
AMAX is the  f ixed angle of a t tack .  
For t h i s  case, 
AMAX (format F10.3) - amplitude of periodic angle of attack 
motion (radians). 
AXlS (format F10.3) - pos i t ion  of t he  a x i s  of rotation, 
measured downstream of mid chord 
in semichord lengths. 
MT [format 110) - number of time s teps .  
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Third Data Card 
&XC (format r"10.3) - amplitude of per iodic  plunging motion 
i n  chord lengths. 
TO (format F10.8) - i n i t i a l  time, see notes on w above 
for fixed blade. 
zc (format F10.3) - i n i t i a l  v e r t i c a l  posi t ion of vortex, 
ho/c. 
xc (format F10.3) - i n i t i a l  horizontal  posi t ion of vortex, 
xo/c. 
GMN (format F1O.S) - st rength of  vortex. 
Following N Data Cards - f o r  cambered blade sect ions,  t he  
next N data  cards are the z 
coordinates of the  mean caaber l i n e  
a t  the control point  posi t ions.  
For zero camber, place N blank 
da ta  cards here. 
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The program has been made f l e x i b l e  t o  consider both steady and 
unsteady problems. 
th in  a i r f o i l  at  an angle of a t tack can be solved by using one time 
s tep .  
are made by s e t t i n g  GAMV equal t o  zero,  
a i r f o i l  problem can be solved w i t h  a minor modification making t h e  
a i r f o i l  go from zero angle of a t tack  t o  some value during the  first 
time s t ep  and holding a constant from t h a t  time on. 
The simple steady state prc5lem of a cambered 
Periodic a i r f o i l  motions without t h e  influence of t h e  vortex 
The impulsively s t a r t e d  
The output is self-explanatory except f o r  a few items. The 
vortex posi t ion x i s  i n  chord lengths from the mid-chord. 
c o l m  e n t i t l e d  "mid-chord alpha" i s  t h e  instantaneous angle of 
attack induced at the blade's mid-chord including the  effect of 
the vortex. 
The 
I t  is  noted t h a t  the  dimension statement fixes the  amount of 
storage space i n  use. 
bound vortices and 150 is the m a x i m u m  number of time s teps .  
A t  present,  10 is t h e  maximum number of 
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Computes bound vortex and 
control point  posi t ions 
PROGRAM FLOW CHART FOR AIRFOIL-VORTEX INTERACTION 
Pr in ts  input da ta  and 
bound vortex locations 
I 
Inputs da t a  including 
i n i t i a l  vortsx posi t ion 
and no- of time s teps ,  
Solves matrix f o r  
steady y d i s t r ibu t ion  
A 
Pr in ts  wake length, vortex 
posi t ion,  av, Ce, Cm, and 
y d i s t r ibu t ion  
U - 
Computes matrix coef f ic ien ts  
including vortex and wake 
effects 
Computes new vortex posi t ion 
using f r e z  stream and induced 
ve loc i t i e s  
Solves mat r ix  f o r  unsteady 
y d i s t r ibu t ion  
1 Computes Ce and Cm I 
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/ /  ' Y ~ ~ ~ S ~ T = ~ O O T H = ~ O O O ~ N A S A ' ~ ' ~ U D H M A ~  W E '  
/ /  t X E C  FWCLG 
/ / S Y S I N  DO 3 
C P'KOGRIFY D E V E L O P E D  TO S O L V E  FOR V O R T I C I T Y  DISTt COMPUTES THE 
C G E O N E T K I C  C O E f F I C I E N T S  A ( 1 t J )  AND S O L V E S  THE S I M U L  E Q U A T I O N S  BY 
C B A N A C H I E W I C Z - C N O U T  A L G O R I T H M  W I T H  S U P P L E M E N T A L  ROIJTINES, 
C READ IN I N S T R U C T I O N S o m m o o o o o o o a m m m  
C N=NUMBER OF E O U A T I O N S  T U  BE SOLVED, 
C CHRD = CHORD L E N G T H  Of A I K F O I L  
C V E L  = F K E E  STREAM V E L O C I T Y  
C U = FKEOUENCY O F  O S C I L L A T I U N  
C AMAX = MAX ANGLE O f  A T T A C K  
C A X I S  = P O S I T I O N  O F  A X I S  OF R O T A T I O N  
C MT = NUMBER OF T I M E  S T E P S  
C HMAXC = MclY V E R T I C A L  O S C I L L A T I O N  A M P L I T U D E  
C T O  = I N I T I A L  T I M E  
C ZC = I N I T I A L  V A L U E  OF H / C  
C XC = I N I T I A L  V A L U E  OF X/C 
C GAMV = P A S S I N G  VORTEX STRENGTH 
C 2 4 1 )  = MEAN CAMBER L I N E  C O O H D I N I T E S  A T  THE CONTROL P O I N T S  
D I M E N S I O N  A ( 1 O ~ 1 l ) ~ G ( l O ~ l l ) ~ ~ ( l O ~ l l ~ ~ X ~ l l ~ ~ B ~ l O ~ l l ~ ~  
2 Y ~ 1 0 ~ ~ C ~ 1 0 ~ ~ Z ~ 1 0 ~ ~ D ~ l S O ~ ~ G A M ~ l ~ O ~ ~ D E L T X ~ l O ~ ~ D E L T Z ~ l O ~ ~  
3 X N ( 1 0 ~ 1 5 0 ) ~ G D X ( 1 0 ) ~ V E L I A ( 1 5 0 ~ ~  X I ~ 1 0 ~ 1 5 0 ~ ~ Z I I ~ 1 0 ~ 1 5 O ) r  
3 A L P A ( 1 0 ) ~ A L P A O ( l O ) ~ H V E L ( l O ~ ~ C N A ( l O ~ ~ X G A M ~ l O ~ l S O ~  
4 
406 
2 
55 
400 
84 
10 
READ506,N,MCHECKINAUXTMKEV,NSQ,MPRINT 
I F W  eo0,800,406 
READ 752, H M A X C ~ T O T Z C T X C ~ G A H V  
N Y l = N + l  
NM l=N-  1 
DO 2 I = l t N  
READ 7999 Z ( I )  
C O N T I N U E  
OU 5 5  I = l r N  
R E A D  751, CHRDIVELIWI AMAX,AXIS,HT 
X (  I) = (CHRD/(4o*N) ) +  ( C H R D / N ) * (  1 - 1 1  
C( I) = ( ( 3 o * C H K D ) / ( 4 o * N ) )  + (CHHD/N)*( 1 - 1 1  
C O N T I N U E  
2 0  = CHRD*ZC 
XO = CHRD*XC 
HMAX = C H R D W M A X C  
RFREO = ( b * ( C H R D / Z o O ) ) / V E L  
P R I N T  5009 VEL,W,HFREQ,CHRDtGAMV,ZC,XC 
D E L T T  = C H R D / (  3 O o * V E L )  
SPC = V E L * D E L T T / C H R D  
P R I N T  5 0 8 ,  D E L T T r S F C t A X I S  
DO 400 I = l r N H l  
O E L T X (  I I=:  X (  I + l ) - X (  I )  
D E L T Z ( I ) = Z ( I + l ) - Z ( I )  
C O N T I N U E  
D E L T X ( N 1  = D E L T X ( N M 1 )  
D E L l Z ( N 1  = D E L T Z ( N M 1 )  
T = TO 
DO Y O 2  M = l r M T  
MM1 = M-1  
MM2 = M-2 
S = M M l * D E L T T * V E L / C H R D  
IF ( M - 2 )  84,10~85 
P R I N T  502 
00 5 I= l ,N  
00 7 J = l r N  
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